FPSAC 2013, Paris, France 



DMTCS proc. (subm.), by the authors, 1-12 



Structure and enumeration of (3 + I) -free 
posets (extended abstract) 

Mathieu Guay-Paquet* and Alejandro H. Morales* and Eric Rowland 

LaCIM, Universite du Quebec a Montreal, 201 President-Kennedy, Montreal QC H2X 3Y7, Canada 



Abstract. A poset is (3 + l)-free if it does not contain the disjoint union of chains of length 3 and 1 as an induced 
subposet. These posets play a central role in the (3 + l)-free conjecture of Stanley and Stembridge. Lewis and 
Zhang have enumerated graded (3 + l)-free posets by decomposing them into bipartite graphs, but until now the 
general enumeration problem has remained open. We give a finer decomposition into bipartite graphs which applies 
to all (3 + l)-free posets and obtain generating functions which count (3 + l)-free posets with labelled or unlabelled 
vertices. This decomposition also yields a decomposition of the automorphism group, and it can be reversed to 
produce an efficient algorithm for generating (3 + l)-free posets up to isomorphism. 

Resume. Un poset sans (3 + 1) est un poset qui n'a pas de sous-poset induit forme de deux chaTnes disjointes de 
longeur 3 et 1. Ces posets sont l'objet de la conjecture (3 + 1) de Stanley et Stembridge. Lewis et Zhang on enumere 
les posets etages sans (3 + 1) en les decomposant en graphes bipartis, mais en general la question d'enumeration est 
restee ouverte jusqu'a maintenant. Nous decrivons une decomposition en graphes bipartis plus raffinee, applicable a 
tous les posets sans (3 + 1), et obtenons des fonctions generatrices qui enumerent les posets sans (3 + 1), etiquetes ou 
non. Cette decomposition engendre aussi une decomposition du groupe d'automorphismes, et elle peut etre inversee 
pour obtenir un algorithme efficace pour generer les posets sans (3 + 1) a isomorphisme pres. 

Keywords: (3+l)-free posets, trace monoid, generating functions, chromatic symmetric function 



1 Introduction 

A poset P is (i + j)-free if it contains no induced subposet that is isomorphic to the poset consisting of 
two disjoint chains of lengths i and j. In particular, P is (3 + l)-free if there are no vertices a,b,c,d € P 
such that a < b < c and d is incomparable to a, b, and c. 

Posets that are (3+1) -free play a central role in the study of Stanley's chromatic symmetric function ifTTl 
[1211 . a symmetric function associated with a poset that generalizes the chromatic polynomial of a graph. 
In particular, an important conjecture of Stanley and Stembridge lfT31 is that the chromatic symmetric 
function of a (3+l)-free poset has positive coefficients in the basis of elementary symmetric functions. As 
evidence toward this conjecture, Gasharov J5l has shown the weaker result that the chromatic symmetric 
function of a (3 + l)-free poset is Schur-positive. 
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To make more progress toward the Stanley-Stembridge conjecture, a better understanding of (3 + 1)- 
free posets is needed. Reed and Skandera JH] |9) have given structural results and a characterization of 
(3+l)-free posets in terms of their antiadjacency matrix. In addition, certain families of (3+l)-free posets 
have been enumerated. For example, the number of (3 + l)-and-(2 + 2)-free posets with n vertices is the 
nth Catalan number |[T4l Ex. 6.19(ddd)]; Atkinson, Sagan and Vatter [ 1 1 have enumerated the permutations 
that avoid the patterns 2341 and 4123, which give rise to the (3 + l)-free posets of dimension two; and 
Lewis and Zhang [6 1 have made significant progress by enumerating graded (3 + l)-free posets in terms 
of bipartite graphs using a new structural decomposition. However, until now the general enumeration 
problem for (3 + l)-free posets remained open iTPJl Ex. 3.16(b)]. 

In this extended abstract, we give generating functions for (3 + l)-free posets with unlabelled and 
labelled vertices in terms of the generating functions for bipartite graphs with unlabelled and labelled 
vertices, respectively. As in the graded case, the two problems are equally hard, but the enumeration 
problem for bipartite graphs is certainly more mainstream. 

In the unlabelled case, let p un \(n) be the number of (3 + l)-free posets with n unlabelled vertices, and 
let S(c, t) be the unique formal power series solution (in c and t) of the cubic equation 

S(c,t) = 1 + -^—S(c,t) 2 + tS(c,tf. (1) 
1 + c 

We show that the ordinary generating function for unlabelled (3 + l)-free posets is 

5>uni(«K l = S(x/(1 - x), 1 - 2x - Burner 1 ), (2) 

n>0 

where B un \(x) — 1 + 2x + 4x 2 + 8x 3 + 17x 4 + • • ■ is the ordinary generating function for unlabelled 
bipartite graphs with a distinguished block. As of this writing, the On-Line Encyclopedia of Integer 
Sequences [10] has 22 terms in the entry iflOl A049312] for the coefficients of B ua \(x), but only 7 terms 
in the entry [ 10, A079146 1 for the numbers p w \(n). Using (|2j, we can close this gap; the numbers p un i(n) 
for n = 0,1, 2,... ,22 are 

1, 1, 2, 5, 15, 49, 173, 639, 2469, 9997, 43109, 205092, 1153646, 8523086, 91156133, 
1446766659, 32998508358, 1047766596136, 45632564217917, 2711308588849394, 
219364550983697100,24151476334929009951, 3618445112608409433287. 

Similarly, in the labelled case, let pibi(^) be the number of (3 4- l)-free posets with n labelled vertices. 
We show that the exponential generating function for labelled (3 + l)-free posets is 



Y J P^( n )^^S{e x ~l 1 2e- x ~l~B, bl {x)- 1 ), (3) 



n>0 



where B^x) = J2 n >o ST=o (™)2*^ n ^^T i s trie exponential generating function for labelled bipartite 
graphs with a distinguished block. Such bipartite graphs are easy to count, but as of this writing the OEIS 



has only 9 terms in the entry ifTOl A079145] forpibi(n). Using (|3), arbitrarily many terms pibi(n) can be 
computed. 

Our main tool is a new decomposition of (3 + l)-free posets into parts (called clone sets and tangles). 
This tangle decomposition is compatible with the automorphism group, in the sense that for a (3 + l)-free 
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poset P, Aut(P) breaks up as the direct product of the automorphism groups of its parts. The tangle 
decomposition also generalizes a decomposition of Reed and Skandera (51 for (3 + l)-and-(2 + 2)-free 
posets given by altitudes of vertices. In terms of generating functions, the restriction of our results to 
(3 + l)-and-(2 + 2)-free posets corresponds to the specialization t — in ([TJ. Indeed, one can see that 
S(x/ (1 — %), 0) satisfies the functional equation for the Catalan generating function, which is consistent 
with the enumeration result stated earlier for (3 + l)-and-(2 + 2)-free posets [ 14, Ex. 6.19(ddd)]. 

Remark 1.1 Using the tangle decomposition it is possible to quickly generate all (3 + l)-free posets of 



a given size up to isomorphism in a straightforward way (see Corollary 3.91 With this approach, we 
were able to list all (3 + l)-free posets on up to 11 vertices in a few minutes on modest hardware. Note 
that this technique can accommodate the generation of interesting subclasses of (3 + l)-free posets (e.g., 
(2 + 2)-free, weakly graded, strongly graded, co-connected, fixed height) or to construct these posets from 
the bottom up, level by level (which can help compute invariants like the chromatic symmetric function). 

Remark 1.2 Comparing the list of numbers above with data provided by Joel Brewster Lewis for the 
number of graded (3 + \)-free posets, it appears that, asymptotically, almost all (3 + l)-free posets are 
graded. 



OUTLINE. In Section 2 we describe the tangle decomposition of a (3 + l)-free poset into clone sets and 



tangles and use it to compute the poset's automorphism group. In |Section~3 we describe the relationships 



between the different clone sets and tangles of a (3 + l)-free poset as parts of a structure called the skeleton 



and enumerate the possible skeleta. In Section 4] we enumerate tangles in terms of bipartite graphs, and 



as a result we obtain generating functions for (3 + l)-free posets. 

2 The tangle decomposition 

Throughout the paper, we assume that P is a (3 + l)-free poset. We write a \\ b if vertices a and b in a 
poset are incomparable. In this section, we describe the tangle decomposition of a (3 + l)-free poset. 

Given a vertex a € P, we write D a = {x E P : x < a} and U a = {x € P : x > a} for the (strict) 
downset and upset of a. The set J(P) of all downsets of P (that is, all downward closed subsets of P, not 
just those of the form D a for some a E P) forms a poset under set inclusion. Similarly, the set of upsets of 
P forms a poset under set inclusion, but it will be convenient for us to consider instead the complements 
P\U a E J{P) of the upsets of vertices a E P. 

Definition 2.1 The view v (a) from a vertex a E P is the pair (D a ,P \ U a ) E J{P) x J{P). If 
v(a) = v(b), then we say a and b are clones and write a ~ b. 

Note that the set v(P) of views of all vertices of P inherits a poset structure from the set J(P) x J(P), 
where v(a) < v(b) if and only if D a C D fc and U a 2 £4- 

Also note that two vertices a,b E P are clones precisely when they are interchangeable, in the sense 
that the permutation of the vertices of P which only exchanges a and b is an automorphism of P. 



Example 2.2 Figure 1 shows a (3 + l)-free poset P and the poset v(P) of views. Since v(d) — v(e), the 



vertices d and e are clones of each other, written d w e. 

Remark 2.3 The notion of clones is related to the trimming in f^j/. Also, HI 711 has used techniques 
involving clones and (2 + 2)-avoidance to prove enumeration results about families of graded posets. 
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Definition 2.4 Let a,b 6 P. We write a txj b if D a |j Db, and we write a 14 b ifU a || Ub- 

The idea behind the notation is the following. If a txj 6, then there is some vertex c 6 Z3 a \ Z?b, so that 
c < a and c -ft b, and there is some d € Dj,\ D a , so that d a and d < b. Then, it can be checked that 
a, &, c, g? are distinct vertices, and that they are incomparable except for the two relations c < a and d < b. 
Hence we have the following induced (2 + 2) subposet with a and b on the top: 



c ±- id 

Dually, if a 1*1 b then there is an induced (2 + 2) subposet with a and 6 on the bottom. 



Example 2.5 For the poset in Figure 1 f txj g and b JxJ c. However, it is not the case that a 14 b, since 

u b cu a . 

Since P is (3 + l)-free, a H b implies U a = Ub, and a JxJ 6 implies D a = Db- Moreover, v(a) || v(b) 
precisely when a M b or a M 6. The following lemma records the interactions between the relations w, 
M and I:<1 on P. 

Lemma 2.6 Lef P be a (3 + \)-free-poset, and let a, &, c £>e any vertices of P. 

(i) If a ~ 6 and 6 ~ c, fnen a ~ a 

(z'z) Tfa txj b and b c, fnen a J:-:J c. 

fjz'z'J If a JxJ & and 6 ~ c, fnen a X >: 1 c 

(z'v) // is nof the case that a JxJ 6 ana" 6 £-4 c. 

Now, consider a graph V on the vertices of P with edge set {(a, 6) : a JxJ 6}. We say that a subset 
A C V(T) is the top of a tangle if \A\ > 2 and A is a connected component of T. Analogously, a subset 
B C Pis the bottom of a tangle if \B\ > 2 and B is a connected component under the relation JxJ. 




a b 





= ({abcdef gh}, {abcde fg hi j} 


v(i) 


= ({abcdefg} 


, {abcdefghi} 




= ({abcde} 


, {abcdefghi} 


v(g) 


= ({ac} 


, {abcdefgh} 


«(/) 


= ({«&} 


, {abcdefgh} 


u(e) 


= (W 


, {abcdefg} 


»(d) 


= (W 


, {abcdefg} 


v(c) 


= ({} 


, {abcde /} 


«(&) 


= ({} 


, {a6cde} 


u(a) 


= ({} 


, {a6c} 



«(/) 

«(d) = u(e) 
w(c) 

«(a) 




Fig. 1: Left: the Hasse diagram of a (3 + l)-free poset P with 10 vertices. Centre: the list of views of the vertices of 
P. Right: the view poset v(P). 
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By conclusion (iv) of Lemma 2~6) if A is the top of a tangle and B is the bottom of a tangle, then 
A n B = 0. Let us say that a top of a tangle A and a bottom of a tangle B are matched if there is an 
induced (2 + 2) subposet whose top two vertices are in A, and whose bottom two vertices are in B. 

Proposition 2.7 In a (3 + l)-free poset P, every top of a tangle is matched to a unique bottom of a tangle, 
and every bottom of a tangle is matched to a unique top of a tangle. That is, there is a perfect matching 
between tops of tangles and bottoms of tangles of P. 



Proposition 2.7 justifies the terms 'top of a tangle' and 'bottom of a tangle' and the following definition. 



Definition 2.8 A tangle is a matched pair T — (A, B) of a top of a tangle A and a bottom of a tangle B. 

In other words, a tangle is a bipartite subposet of P that is connected by induced (2 + 2) subposets. In 
particular, if P is a (3 + l)-free poset, then P is (2 + 2)-free exactly when it has no tangles. 

Example 2.9 In the poset P of Figure l\ the connected component of f under t>:J is {/, g}, and the 
connected component ofb under jxj is {&, c}. Therefore P contains the tangle T — ({/, <?}, {&, c}). One 
can check that in fact this is the only tangle of P. 

Definition 2.10 Let T\ = (Ai, B\ ),..., T s = (A s , B s ) be the tangles of P. A clone set is an equivalence 
class, under w, of vertices in P \ Uj=i(Aj ^ We refer to tangles and clone sets as parts of P. The 
set of parts is the tangle decomposition of P. 

Example 2.11 The tangle decomposition of the poset in \Figure~7] appears in Figure^ It consists of six 
parts — five clone sets and one tangle. 




Fig. 2: Left: the Hasse diagram of the poset P from |Figure 1| Centre: the tangle decomposition of P into its parts. 
Right: a compatible listing of the parts. Clone sets are enclosed in circles, and tangles are enclosed in boxes. 



The tangle decomposition provides a decomposition of a (3 + l)-free poset from which the automor- 
phism group, among other properties, can be computed. To show this, it will be useful to have a different 
characterization of the tops of tangles, bottoms of tangles, and clone sets of P which gives a natural 
ordering of these subsets of P, as follows. 

Proposition 2.12 Let v(P) C J(P) x J(P) be the poset of views of all vertices of the (3 + I) -free poset 
P. Let (Si, S2, ■ • ■ , Sk) be the list of co-connected components of v(P), that is, the list of connected 
components of the incomparability graph of v(P), labelled such that for every x £ Si and every y £ Si+i, 
we have x < y. Then, the preimages v^ 1 (Si) for i — 1,2, ... ,k are exactly the tops of tangles, bottoms 
of tangles, and clone sets of P. 
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Let Aut(P) be the automorphism group of the poset P. Any part Bi of P gives an induced subposet 
of P, and we write Aut(-Bj) for its automorphism group as a poset. In particular, if Bi is a clone set with 
k vertices, then Aut(-Bj) is the symmetric group on these k vertices. 

Theorem 2.13 Let P be a (3 + l)-free poset, decomposed into its clone sets Ci, C2, • ■ ■ , C r and its 
tangles Tx,T%, ■ ■ ■ , T s . Then, the automorphism group of P is 

r s 

Aut(P) = JjAut(Ci) x Y[ Aut(Tj). 
»=i 2=1 

Note that the tangle decomposition of a (3 + l)-free poset P into its parts generalizes the decomposition 
considered by Reed and Skandera [9| of a (3 + l)-and-(2 + 2)-free poset given by the altitude a(a) = 
\D a \ — \U a \ of the vertices a g P, since the altitude a(a) is a function of the view v(a). Of course, 
even in a (3 + l)-free poset P with an induced (2 + 2) subposet, the altitude is well-defined, and it 
gives a finer decomposition of P than the tangle decomposition. However, the altitude decomposition is 



too fine, as the example in Figure 3 shows. Namely, there is an automorphism r which swaps the two 
vertices with altitude —1, the two vertices with altitude —2, and two of the three vertices with altitude 2, 
as illustrated. But there is no automorphism of the poset which acts non-trivially on a single block of the 
altitude decomposition. 

In contrast, for the tangle decomposition, every automorphism of the poset can be factored as a product 
of automorphisms which only act non-trivially on a single part. 




Fig. 3: A poset P consisting of a single tangle. The vertices are labelled by their altitude a, and the arrows describe 
an automorphism r of P. 



3 Skeleta 

Any finite poset P, possibly containing (3 + 1), can be decomposed into levels as follows: take L\ to be 
the set vertices of P which are minimal, L2 to be those which are subminimal (that is, the set of minimal 
elements of P \ L\), and so on up to the set Lh of vertices of P which are sub^^minimal, where h is 
the height of P. We say that the level of a vertex a 6 Pis 1(a), where a E L^uy 

If P is (3 + l)-free, then the only interesting part of the poset structure occurs between adjacent levels, 
as the following proposition shows. 

Proposition 3.1 (Lewis and Zhang [6]). Let P be a (3 + l)-free poset and a,b G P be two vertices with 
£(a) < £(b) — 2. Then, we have a < b. 

Note that the covering relations of P may include relations a < b for which 1(a) — 1(b) — 2. This 



occurs for the poset in Figure 1 for example, where b < h, c < h, f < j, and g < j are covering 
relations. 
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The following proposition gives a partial converse of Proposition 3. 1 



Proposition 3.2 (Reed and Skandera /[9k). Let P be a poset such that for any two vertices a,b € P with 
£(a) < 1(b) — 2, we have a < b. Then, P is (3 + l)-free if and only if for any two vertices c,ddP with 
1(c) = £(d), we have U c C Ud or D c C D d (and symmetrically, U c 2 Ud or D c "D Dd). 

Note that the vertices of a clone set Cj all have the same downset, so they are on the same level. Also, 
any copy of the (2 + 2) poset must be contained in two adjacent levels, so any tangle Tj must be contained 
in two adjacent levels. Thus, we can speak of the level of a clone set or the (adjacent) levels of a tangle. 

By construction, the poset structure between two parts of P is fairly restricted. If Ci and Cj are distinct 
clone sets, then C, is either completely above, completely below, or completely incomparable with Cj 
(meaning that every vertex of Ci has the same relationship to every vertex of Cj). If Ci is a clone set and 
Tj is a tangle, then Ci can be 

• completely above Tj , 

• completely above the bottom of Tj and completely incomparable with the top; 

• completely below the top of Tj and completely incomparable with the bottom; 

• completely below Tj ; or 

• completely incomparable with Tj . 

Similarly, there are only six possible ways for two tangles Tj and Tj to relate to each other. The following 
theorem shows how all of these relationships between different parts of P can be put together. 

Theorem 3.3 Let P be a (3 + l)-free poset, decomposed into clone sets C±, C%, . . . , C r and tangles 
Ti,T2, . . . , T s . Then, there exists a listing (B\ 1 B>2, ■ ■ ■ , B r+S ) of the clone sets and the tangles of P such 
that, for any two vertices a € P>i and b £ Bj with i ^ j, we have a < b exactly when 

(i) 1(a) < 1(b) - 2; or 

(ii) £(a) = £(b) — 1 and i < j. 

Such a listing is called a compatible listing. 

Proof idea: For each level, we can get a partial listing of the parts which intersect Li according to their 
positions on the view poset v(P). Then, the listings for Li and can be interleaved in a unique way 
to respect condition (ii), so it follows that all of them can be reconciled into a single compatible listing. □ 



Example 3.4 Figure 2 shows a compatible listing for the poset in Figure 1 



Note that the listing (B±, £?2, ■ • ■ , B r+S ) from Theorem 3.3| is not unique in general. In particular, if 



(. . . , Bi, B i+ i, . . .) is a compatible listing, then the listing (. . . , B i+ i,Bi, . . .) obtained by swapping Bi 
and Bi + i is compatible exactly when Bi and Bi + i contain no vertices on the same or on adjacent levels 
of P. If we call such a swap valid, then it can be seen that any two compatible listings for P are related 
by a sequence of valid swaps. 



Example 3.5 In Figure 2 we can swap the clone set {j} on level 4 with the tangle ({/, g}, {6, c}) to 



obtain another compatible listing for the poset. 

Given that any two compatible listings for P are related by a sequence of valid swaps, the natural setting 
for compatible listings is that of free partially commuting monoids O, also known as trace monoids ||4). 
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Definition 3.6 Let E be the countable alphabet 

E = {Cl, C2, . . • , Cj, . . .} U {tl2, ^23: ■ • ■ j iii+li • ■ -It 

/ef E* foe the free monoid generated by E, awof Zef M foe the free partially commuting monoid with com- 
mutation relations 

c t c 3 = CjC t , if\i - j\ > 2, 

Citjj+i = tj j+ iCi, ifi < j -2ori> j + 3, 

ta+itjj+i = tj j+ita+i, if\i — j\ > 3. 

Definition 3.7 If P is a (3 + l)-free poset, then for each compatible listing (B\, E>2, ■ ■ ■ , B r+S ) of its 
clone sets and tangles, we can obtain a word in E* by replacing each clone set at level i by the letter Ci 
and each tangle straddling levels {i, i + 1} by the letter tn + \. The set of these words is an equivalence 
class under the commutation relations for M, and the corresponding element of M is called the skeleton 
of P. 

Example 3.8 The two representatives in E* for the skeleton of the poset in \Figure~2\ are c^c^t^c^c^ 
and C\CiC-j,C\t\2C2,. 

The idea of a skeleton is that it exactly captures the relationships between different parts of P. More 
precisely, this means that two posets with the same skeleton and isomorphic parts are themselves isomor- 
phic, and that given a skeleton, any set of parts (with the right number of clone sets and tangles) can be 
plugged into the skeleton. Together, Corollary 3.9 Theorem 3.10 and Theorem 3.11 show this and give a 
characterization of the elements of M which are skeleta. 

Corollary 3.9 Let P be a (3 + \)-free poset. Then, P is uniquely determined (up to isomorphism) by 
its skeleton together with, for each letter Ci or tjj+i of the skeleton, the cardinality of the corresponding 
clone set or the isomorphism class of the corresponding tangle. 

Theorem 3.10 Let m be an element of the monoid M. Then, m is the skeleton of some (3 + l)-free poset 
if and only if 

(i) every representative w € E* for m starts with the letter c± or t\i; and 

(ii) no representative w £ E* for m contains a factor of the form CiCi, i > 1. 

Note that condition (i) of |Theorem 3. 10| corresponds to the requirement that every vertex of P on level 
L i+1 be greater than some vertex on the previous level while condition (ii) forbids pairs of clone sets 
that could be merged into a single clone set. 

Theorem 3.11 Let m be an element of the monoid M. Then, there exists a representative wq £ E* for m 
for which every pair of consecutive letters is either 



CiCj 


fori 


> 


j 


- 1; 


or 




fori 


> 


3 


- 1; 


or 




for i 


> 


j 


- 2; 


or 




for i 


> 


J 


- 2. 





Furthermore, 
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( i) this representative Wo is unique and is the lexicographically maximal representative for m with 
respect to the total order {c\ < t\i < C2 < £23 < ■ " • } on E; 

(ii) if Wo starts with c\ or t\i, then every representative w € E* for m starts with c\ or t\i; and 

( Hi) if Wo does not contain a factor of the form CiCi, i > 1, then no representative aieS* for m contains 
a factor of this form. 



Example 3.12 Of the two representatives in Example 3.8 Ci 020304^203 is lexicographically maximal. 

Using this characterization of skeleta, we can enumerate them using a generating function, and this will 
allow us to obtain generating functions for (3 + l)-free posets. 

Theorem 3.13 There is a bijection between skeleta of (3 + l)-free posets and certain decorated Dyck 
paths. 



Proof idea: See Figure 4 for an example. Given the lexicographically maximal representative wo for a 
skeleton, we can obtain a decorated Dyck path that starts at (0, 0), ends at (2n, 0) for some n > 0, and 
never goes below the x-axis as follows: replace each letter c; by a (1, 1) step ending at height i, each 
letter t ii+1 by a (2, 2) step ending at height i + 1, and add (1, —1) down steps as necessary. We call the 
result decorated since a (2, 2) step can be seen as a decorated pair of consecutive (1, 1) steps. A decorated 
Dyck path can be obtained from a skeleton exactly when it contains no sequence (1, 1), (1, —1), (1, 1) of 
consecutive undecorated steps (up-down-up). □ 

Corollary 3.14 Let S(c, t) e Q[[c, t]] be the ordinary generating function for skeleta with respect to the 
number of clone sets and the number of tangles, that is, the formal power series 

S(c, t) = (# of distinct skeleta with r clone sets and s tangles) c r t s . 

r,s>0 

Then, S(c, t) is uniquely determined by the equation 

S{c,t) = 1 + -^S(c,t) 2 +tS(c,tf. (4) 



Proof idea: See Figure 5 



□ 



4 Enumeration 

In this section, we carry out the enumeration of unlabelled and labelled (3 + l)-free posets by reducing it 
to the enumeration of unlabelled and labelled bipartite graphs with a distinguished block (e.g., there are 
two such graphs with one vertex). Our approach is to consider such a bipartite graph as a (3 + l)-free 



poset in the natural way and to apply the machinery of Section 3 as shown in the following lemma. 

Lemma 4.1 The ordinary generating function for skeleta of bipartite graphs with a distinguished block 
is given by 



/# of skeleta of bipartite graphs with\ , \ -1 

V\ clone sets on level 1, r 2 clone sets c^c^t^ =1 ti2 ) ■ (5) 

on level 2, and s tangles J ^ + ci + c 2 / 



T\ ,T2 ,S>0 
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Consider the 26-vertex (3 + l)-free poset P with 10 parts depicted in the compatible listing below. Note 
that only some of the comparability and incomparability relations between parts are shown, but they can 
all be determined from lTheorem 3. 3 1 













II 




II 


— -® 



The lexicographically maximal representative for the skeleton of P is wq — c\Cic^C\t\itY2.c-it2-iC^C\, 
shown below. 




Fig. 4: An example of the bijection used in the proof of |Theorem 3,13| 




Fig. 5: Equations relating the sets counted by S(c,t), Si(c,t), and 5*2 (c,t), where Si(c,t) and £?2(c, t) are the 
generating functions for decorated Dyck paths beginning with (1, 1) and (2, 2), respectively. 
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Now that we have an explicit expression for the generating function of skeleta of bipartite graphs with 
a distinguished block, we can perform appropriate substitutions to get equations relating the generating 
functions for tangles and for bipartite graphs. 

Theorem 4.2 Let B un \(x,y) € Q[[x, y]] be the ordinary generating function for unlabelled bipartite 
graphs with a distinguished block, up to isomorphism. Then, the ordinary generating function for unla- 
belled tangles is 

Twn(x,y) = l — x-y- -B un i(a;,y) _1 . 



Proof: This follows from Lemma 4.1 by plugging in |5]) the values c\ — x/(l — x) and c-2 = y/(l — y) 



for the clone sets of unlabelled vertices, and t = T ua \(x, y) for the tangles. □ 

Theorem 4.3 Let B\b\(x,y) € Q[[x, y\] be the exponential generating function for labelled bipartite 
graphs with a distinguished block, that is, the formal power series 

B^y)=Y,* j %- 

i,j>0 '■ y ' 

Then, the exponential generating function for labelled tangles is 

T m (x,y) = e- x +e~y - 1 - B m (x, y)" 1 . 



Proof: This follows from Lemma 4~T| by plugging in <|5j the values c\ = e x — 1 and C2 = e x — 1 for the 



clone sets of labelled vertices and t = 2]bi(a;, y)- □ 

With these expressions for the generating functions T un i(x,y) and T]bi(x,y) in hand, the following 
corollaries of Corollary 3.14 yield the equations |2]) and ([3]) from the introduction. 



Corollary 4.4 (See also Equation Qj. Let S(c,t) be the generating function of Corollary 3.14 for 
skeleta. Then, the ordinary generating function for unlabelled (3 + l)-free posets is 

^Pnn\(n)x n = S(x/(1 - x),T va n(x,x)). 

n>0 



Corollary 4.5 (See also Equation Qj. Let S(c,t) be the generating function of Corollary 3.14 for 
skeleta. Then, the exponential generating function for labelled (3 + \)-free posets is 



^2p\bi(n) — = S(e x - l,T M (x,x)). 

n>0 

Remark 4.6 The authors would like to thank Francois Bergeron for pointing out that the results of this 
section can be generalized to obtain the cycle index series (see ft?j)for the species of (3 + l)-free posets. 
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